where dc, denotes ' =. di, di -0 are the demands, pi, hi, c, andf the production, storage, setup and start-up costs in period i, and yi, si, xi, zi are the production, storage, setup and start-up variables, respectively. We assume that xo is known and that sO = 0.
Problems in which (1) appears as a relaxation have been studied by Van Wassenhove and Vanderheust (1983), Karmarkar and Schrage (1985) and Fleischmann (1987) . There is an O(T2) dynamic programming algorithm for (1). Based on this algorithm, Eppen and Martin (1987) have provided a tight mixed integer programming formulation that differs from those described below.
In Section 2, we derive an exponential class of strong valid inequalities for X and a polynomial separation algorithm for the resulting polytope P that can be used in a cutting plane algorithm. In Section 3, we derive a formulation (or polytope Q) that is equivalent to P that is described by a polynomial number of variables and constraints. In Section 4, we derive two other formulations that are at least as strong as the previous two. Finally, we report on some limited computational results for a single item model and a multi-item model with changeover costs.
STRONG VALID INEQUALITIES
The class of valid inequalities that we derive is closely related to the (1, S) inequalities derived for the ULS model (see Barany, Van Roy and Wolsey 1984a In the next section we will see how the dynamic programming recursion also can be written as a shortest path problem.
In the computational experiments of Section 5 we did not use the above separation algorithm. We call this a shortest path SP model, because a solution to the equality constraints defines a path from 1 to T. At this stage, we know that the linear programming relaxation based on SP( 10) is at least as strong as that based on WUFL (7), which is at least as strong as that based on (4) or (6), which is equivalent to SIM (consisting of the formulation (1) plus the family of inequalities (2)). constraints, so one might expect that on more difficult problems this tendency will be reversed. Such problems can be expected to arise when several items are produced on the same machine, so these results also suggest that not just the inequalities (2) but even the (i, k) inequalities in (10) and the (i, k, 1) inequalities in (9) should be generated as cuts rather than added a priori.
COMPUTATIONAL RESULTS

We briefly tested three of the models developed in
Given the results, it is also natural to conjecture that the different models suffice to describe the convex hull of solutions to the original problem (1) We also solved some multi-item uncapacitated problems with changeover costs. This model is for i in period s produced in period t. These additional constraints serve two purposes. First, they guarantee a valid formulation, and second, the inequalities wil, s xi, are generated as cuts from these constraints if they are violated.
In Table III Since being accepted for publication, further progress has been made on the problem treated here. S. Van Hoesel discovered a fractional solution that is not cut off by the inequalities (2). We then showed that the slightly more general inequality family (2') in which the term dck,x,k can be replaced by the term: dak/(ZTk_,+' + * * * + Zk)
for k > 1 is valid for X and cuts off the point he proposed. He has shown that this new family describes conv(X) when added to the initial formulation. This result implies that that proj,.,,2Z D conv X, whereas proj,x,, WUFL = conv X, and thus the formulation WUFL is tight.
